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Abstract

A case study of a four vehicle collision is used to illustridite use of the Monte Carlo simula-
tion method in traffic crash reconstruction. The evidendbeyad at the scene along with scene
photographs and witness statements must be translatedamdom variables. These random
variables are used to solve for the initial vehicle speeddan the principles of the conser-
vation of linear momentum and rectilinear motion. A comm@praach would be to use low
and high values to compute a range of initial speeds. Thdslealarge variations with complex
problems and the probability associated with the extrense<#s very small. Also, multiple
vehicle collisions require special consideration becahseresults of the first collision effect
the second collision and so forth. As such, the Monte Carlthotkis used to propagate the
uncertainty of the evidence through to the initial speedghefinvolved vehicles. In order to
use the Monte Carlo method, a brief overview of descripthagistics and probability theory
is presented. The simulation results are given as estinpatdghbility density functions from
which speeds are determined using confidence intervals midst important aspect of using a
simulation technique in traffic crash reconstruction isityariables and simulation results must
correlate to the actual physical evidence.
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1 Introduction and Background

1.1 The Crash

The traffic crash for this case study occurred at 1623 hous daear, warm spring day. Driver
A was driving a 1995 Pontiac Grand Am 2 door and was leavingchnieal school to head
southbound on a US highway. Driver B was driving northboundte US highway in a 1993
Dodge Dakota pickup. Driver A pulled into the path of the Ded@here was a collision between
the two vehicles in the northbound left lane. The Pontiamspmay from this collision, rotating
about 270 degrees counter-clockwise. Driver A was ejeateitid this collision and slid westerly
across the roadway. The Dodge spun about 180 degrees andiccaasiein the southbound lanes.

Before this crash equilibrated, a 1992 lowered Chevy pickupen by driver C, collided with
the Pontiac in the right rear tire area. This collision calube Pontiac to rotate about 30 degrees
clockwise. This re-directed the path of the Chevy, and itegkthe road to the west. Before this
crash equilibrated, a 1997 GMC pickup, driven by driver Deeed the crash scene and drove
over driver A. This was confirmed by the investigating offibgridentifying biological material
on the front and under the GMC. Shortly after its collisiothndriver A, the GMC collided with
the front of the Pontiac. This caused the vehicles to leawedad to the west. Driver A was drug
onto the west shoulder by the GMC, which deposited his bodgethThe GMC continued on in
an arcing path and came to rest just past the right-of-wagefehhe Pontiac came to rest just off
the west shoulder area. The final rest positions are showimeodiagram shown in figure 1.1 on
the following page.

1.2 The Investigation

There was concern that the initial report listed a speed ofpB for the Dodge Dakota driven by
driver B. Depending on the time of day, the speed limit thiotlgs section of this US highway
is either 50 mph (when designated by flashing lights), or 6% ifmormal traffic conditions).



Figure 1.1 This scene diagram was produced from at-scene measurepesitscene measure-
ments and an aerial photograph. The original drawing waggal paper so scale was violated
to create this illustration. The vehicles are depicted iplgtimes to illustrate each trajectory.
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Photo 1 This photo shows the skid marks left by the lowered Chevyktagit skidded to impact
with the Pontiac. Note how the skid marks of the Chevy truek @ffset to the right from the
collision. This indicates the Pontiac was still in motionewhthe collision between the two
vehicles occurred.

According to the information received from the local Depaeht of Transportation, the flashing
light indicating a speed limit of 50 mph would have been flaghiThe flashing light would have
been on from 1600 hrs to 1645 hrs.

All of the evidence strongly supports the collision sequeaatlined in the synopsis and ini-
tially reported by the work of the at-scene investigatinigcef. Photos 1 and 2 on the following
page give examples of the scene photos that corroborateliifean sequence.

1.3 Analysis and Reconstruction

The investigation has shown the collision sequence is axrtesy and that the speed limit in
effect at the time of the crash for traffic on the US Highway w@smph. The purpose of the
reconstruction will be to examine the speeds of the vehiotah at their respective impacts
as well as their speeds coming into impact (start of skidsgcaBse this crash did not reach
equilibrium until after the third crash between the GMC amel Pontiac, we must analyze each
impact in reverse order. The results of the third impact ninestised to analyze the second
impact, which must then be used to look at the first impact.aBse of the dependence each



Photo 2 Final rest position of the Dodge Dakota. Note the skid mar&mfthe Chevy pickup
go underneath the Dodge, yet there was no collision betweeiChevy and the Dodge. This
is clear evidence the collision between the Dodge and thé&domad not come to equilibrium
before other vehicles interacted with the first crash vekicl

impact has on another, each collision will be analyzed ststitally using the Monte Carlo
simulation method.

We will begin by making the assumption the friction coeffiti¢t of the roadway ranges
between 0.70 and 0.80 on the road surface jamsl between 0.2 to 0.3 off the road with no
braking. We will also assume the collisions are inelasticl may be solved using conservation
of linear momentum techniques. The collision between th&iRo and the Chevy pickup was
essentially a sideswipe, and a momentum solution is the dalyle technique to use for this
collision. A damage analysis is not appropriate, becausereade analysis requires the centroids
of the damage areas to reach a common velocity, which dodsgppen in a sideswipe. We will
consider the impact velocities calculated will form a nokif@@aussian) distribution in order to
perform the momentum confidence interval analysis. Findfg collisions will be modeled
with a Monte Carlo simulation to examine the effect eachal@dd has on the impact velocity
computation for that specific collision. Once the collisgpeeds are known, it is a simple matter
to calculate the speeds of the various vehicles at the dtdrew respective skids.



2 Dealing With Uncertainty

This section leaves the case study to introduce or refreste $@sic concepts of statistics and
probability to the reader. The concepts of descriptivadtas, random variable and probability
functions are discussed. Some small examples are providiéldstrate some of the concepts.
The discussion provide on percentiles is not necessannfienstanding the Monte Carlo method
but the information is valuable as a reference.

When dealing with uncertain phenomenon, it is necessargsoribe the uncertainty in some
fashion. The study of probability and statistics is usedticaate the amount of uncertainty. In
accident reconstruction, uncertainty looms in every datcan performed. There are a number
of reasons for this and two obvious reasons stand out:

1. Simplification of the actual physics into manageable maidtical expressions will induce
uncertainty.

2. The evidence is never perfect.

Take the second case above and think about having 20 diffeeeple measuring the same skid
mark. All of the numbers will be different (see reference)[Mhat if the mark was measured
30 times? Each measurement is a sample of the all the meastemThe total number of

measurements thabuld be made is the population of measurements. Somewhere \ft@in

range of measured values presumably lies the actual valuge ieasuring something an infinite
number of times is infeasible, a sample must be taken. The saids true for all experimental

and statistical studies. The field of statistical infereiscdevoted to describing the population
based on a few samples.

2.1 Descriptive Statistics

Two traffic crash reconstruction classes participated ield 8tudy during which each member
was asked to walk 100 feet. The time for each person was reddrdm which speed could be



calculated. The data are as follows (in mph):

Pedestrian Walking Speeds (mph)

3.34| 3.13| 3.06| 3.24| 2.92| 2.87| 2.93| 3.31| 3.14| 3.36
3.18| 3.01| 3.14| 3.08| 3.67| 3.56| 3.24| 3.21| 3.57| 3.76
3.63| 3.13| 3.62| 3.28| 3.00| 3.79| 2.51| 3.82| 3.25| 3.12
2.95|3.25|3.41| 2.63| 3.13| 2.97| 3.17| 2.97| 3.17| 2.95
3.16| 3.26| 3.29| 3.10| 2.56| 4.00| 3.29

This section aims to illustrate the tools used to make seheese data with just a few esti-
mators.

2.1.1 Central Tendency
2.1.1.1 Mean

The arithmetic mean is often called the “average.” Thereaanember of ways to compute an
average, but the mean value is defined as:

X= % (iixi> (2.1)

Here the summation notation is used. The capital Greek Isijena &) means to add all the
numbers starting frorr; and finishing withx,. The variablen denotes the total number of values
in the set anc is the mean of the variable For example, let a sorted set of numbers be defined
as

X=1{1,2,3,4,4,5,6,10} (2.2)

sox; =1, Xo = 2 and so forth. The total number of entrieqis- 8 so applying equation (2.1)
gives
o Xt X  14+2+43+4+4+4546+10 o, (2.3)
n 8

If an extreme outlying value is in the set of data, then th#narétic mean will be influenced
by that outlier. Any measure of central tendency cannotaetctor the spread of the data. The
advantage of using the mean is it is an unbiased estimatdreofrie population mean. This
means the population mean and the sample mean become thensarher as the number of

sample are approach the number in the population.




2.1.1.2 Median

The median is the central number. It is used when dealing petisentiles and is a good way
of determining central tendency for human performance. miedian is not as influenced by
outliers when compared to the mean. Finding the median isrgdesas finding the middle value

in a sorted list. This is also the 50th percentile. From tha dat described in equation (2.2) the
median value is 4.

2.1.1.3 Mode

The mode is the value that is the most frequent. If a casesanberein a data set has more than
one mode, then the set is said to be multi-modal. The dataesetiled in equation (2.2) has a
mode of 4. An example of a multi-modal data set with a mode Bfhd a mode of 2.1 is

X ={1.2,15,1.45,1.51.5,15,1.6,1.8,2.1,2.1,2.1,2.5} (2.4)

2.1.2 Quantifying Variation
2.1.2.1 Range

The range values are the easiest to understand and havénbdeilinark of crash reconstruction
for years. All that is needed is the maximum and the minimurthefdata set and the range is
simply the difference.

2.1.2.2 Sorting Data

Sorting is necessary to determine some statistical gesliflThere are two appropriate ways to
sort: from maximum to minimum or from minimum to maximum. Tieem “index” is used to
refer to the position of a value when sorted from minimum toximam and the lowest value is
labeled as #1. Use the term “rank” to refer to the positionwdlae when sorted from maximum
to minimum and the highest value is labeled as #1.



2.1.2.3 Quartiles and Percentiles

Percentile measure tells how much of the data is below andnhagh is above a certain value.
To calculate the index of any percentile use the formula:

. P
index = 1—00(n—1)+1 (2.5)

P
rank = n—ﬁ)(n—l) (2.6)

whereP is the percentage amdis the total count. Equation (2.5) is used if the data aresglort
with the lowest value being labeled as #1 and equation (2.6%&d if the highest values is the
first data point.

The value of the percentile or the percentile pofP) is the number corresponding the the
index or rank. If the value ahdexor rank has a fractional part (i.e. not a whole number) then
the percentile point must be interpolated between the tasedt points. For example, take the
65th percentile of the dataset in equation (2.2). SiXee sorted ascending, the calculated index
is %(8— 1) + 1= 5.55 and the percentile point needs to be between the valubse &th and
6th position ks < PP < xg). For the example, & PP < 5.

Here is how to interpolate:

1. Take the calculated quantitydexand split it at the decimal. Exampl@idex= 5.55
2. Call the whole numberand call the fraction or remaind® Example:i =5 andR = 0.55

3. Now x; is the lower value before the index amrd 1 is the higher value after the index.
Example:xs = 4 andxg =5

4. The percentile poinRP) follows:
PP = +R(Xi41—X) 2.7)
So for the examplePP = x5 + R(Xg — X5) = 4+ 0.55(5—4) = 4.55
The procedure is slightly different at step 3 if using datdesbwith #1 being the maximum.

1. Take the calculated quantitgnk and split it at the decimal.

2. Call the whole numbeét and call the fraction or remaind&



3. Nowxy is thehighervalue before the rank ang. 1 is thelower value after the rank.

4. The percentile poinRP) follows:

PP =X+ R(Xcr1 — %) (2.8)

A quartile is a measure of the quarter points of the spreace firbt quartileQ; is the 25th
percentile so the 25% of the values are lower and 75% of theegahre higher. The middle
quartile is also the median and the third quar@gis the 75th percentile so 75% of the values
are lower. These quartiles are used to construct the boxtfok and whisker plot. The formulas
for the index or rank of the quartiles are determined byngte = 25 orP = 75 in equations
(2.5) or (2.6).

indexQy) = %3 (2.9)

indexQs) — 3”4“ (2.10)
or

rank(Qy) = 3”4_1 (2.11)

rank(Qs) = ”%1 (2.12)

A decile is a measure of the data in tenths whose indiciesriksraan be determined with
equations (2.5) or (2.6).

2.1.2.4 Box and Whisker Plot

Figure 2.1 on the next page shows a box and whisker plot thas gi five number summary and
visualization of the data. That summary includes: the maxnythe minimum, the median, the
first quartile and the third quartile. All values are basedelative standing (Percentile) and give
a good picture of the data distribution.

2.1.2.5 Variance

At first glance, a way of quantifying the amount of spread oétad data would be to take the
difference from each data point to the mean then find the métrose differences. However,



Figure 2.1 A Box and Whisker plot showing the results of the five numbensary.
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the differences can be both positive and negative so thegeerould be zero. As such, the
variance §°) is quantified by the mean value of tequareof the differences.

Y% —X)?
= e (2.13)

Notice the denominator of equation (2.13)is 1 and not jush. This is because the variance
is calculated based on a sample mean and not the populati@m. méink of it this way, if the
sample meamx is known, then how many more points are required to complatescribe the
data? The answer i3— 1 because the last data point can be determined using eqzatiamn
page 6. This is the concept dégrees of freedonm statistics. The total number of degrees of
freedom from a set of data isand calculation a moment such as the variance only requires
n unknowns. If the mean is already known, the omy- 1 more points are required. If the
number of samples become very large then the differencedestwandn— 1 is negligible.
Since the Monte Carlo method has a large number of sampldsg# not make a difference
which form of the denominator is used. The variance equasi@iso an unbiased estimator of
the true population because, like the mean, it can be shaatnite mathematical expectation of
the estimated variance is the same as the population varianc

10



Another point of interest is the variance formula is oftepressed in a different form, namely

I () -
S = %T (2.14)

This give the same result as equation (2.13) but only reguine subtraction instead of If you
apply a binomial expansion to the numerator of equatior3(2the result is

2= Zp—l(x"zn__zf X+ %) (2.15)

By a property of a sum that basically says-C+ C+ C = 4C whenC is a constant we get

N2 oDy 1N
2 _ 2ima(X) —nZiZli:m +nx (2.16)

If both sides of equation (2.16) are multiplied Byt doesn’t change the value but make things
simpler

s 2Rl @
82_n[n(n—l)_ n_1 n-1 2.17)

Recall the equation for the mean and simplify

sl 2 R
Sz_n[n(nl—l) _n—l+n—1} (2.18)

The last two terms combine and thés multiplied through to get

2 Sa(¢)  n@
n—1 n—1
Combine with a common denominator to get equation (2.13g¢s&lormulas may seem daunting

but a modern spreadsheet, such as Excel, can compute thekly.qu

(2.19)

2.1.2.6 Standard Deviation

The units from a variance calculation are squared. So teiatkethis problem, the standard
deviation is defined as the square root of the variance arasithie same units as the mean.

11



s = V& (2.20)

s _ Zi”_1n<>j1>52 (2.21)

2.1.2.7 Coefficient of Variation

Since both the standard deviation and the mean have the sarpglueir ratio can be taken. This
value is called theoefficient of variations defined as

C= (2.22)

X|lwn

The coefficient of variation is useful in describing the teka spread of some distribution, re-
gardless of the magnitude of the numbers.

2.1.3 The Difference Between a Population and Sample

A population is the collection of all possible values. Theatmumber can be a discrete amount
like number of cards in a deck. However, in most crash recocsbn applications, there are
an infinite number of values each variable can be assignddrwsbme range. When dealing
with a population, Greek letters are used to describe thelptipn characteristics. The values
determined for the mean and standard deviation are coesidgtbiased because as the number
of data increase, they approach the true population paesset

— U
0.2

X
< -
wherep is the mean and? is the variance.

2.1.4 Skewness

Skewness is a measure of how asymmetric the data may be. lQ@ftean performance data is
skewed. This paper does not make use of the skewness and averneew of the skewness can
be found in reference [2] and a more in depth discussion i8]inf a nutshell:

12



¢ If mean > median, then right skewed (high maximum)
¢ If mean < median, then left skewed (low maximum)

¢ If mean = median, then symmetric (balanced)

2.1.5 Histograms

Generating and understanding histograms is paramountirsitanding how data is distributed.
Histograms provide an excellent visual aid to communidagerésults of a study. Figure 2.2 on
the next page show a typical histogram. For a definition:

A histogram is a bar graph showing the number of occurrence of all passiénts. It is also
known as a frequency diagram

In most cases, the event is a number falling in a certain raligavever, an event could be the
occurrence of a 6 on a die or some other discrete event. Tdraocha histogram, follow this

procedure:

1. Find the maximum and minimum values of a set. Call thgp andumin. The max can
be rounded up and the min can be rounded down if desired.

2. Divide the x-axis into intan bins of a fixed widthAx, soAx = ”mLm”m'” The number of
bins,mis to be determined at your discretion, however a guidetne@ila for the number
of bins ism = ceil[1+ 3.3log,;o(N)] where ceil means to round up to the next integer and
N is the number of data entries.

3. Sort the data and place it in the appropriate bin.

4. Count how many points are in each bin to determine the &ecy Theith bin will have
Ci points.

5. Make a bar chart of the frequency vs. bin range.

For a good looking histogram, use between 10 and 30 bins., Al$®@ number of entries in the
data set is small, the histogram may not look very good.

1The ceillargument] operator stands for ceiling and is a comfunction found in many computer programming
languages that rounds the argument to the next integer.

13



Figure 2.2 A histogram of the walking speed data from this section. Tisgram will become
more smooth as the number of data points are increased.
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2.2 Random Variables

Defining a random variable is the process of assigning a rarel@nt a numerical value. For a
simple coin toss, the head could be mapped to a 1 and the tppedao a 0. This sets up the
random variable that is predictive in nature. In other wpwmis can use the laws of probability
to predict the outcome of an event or series of events.

In accident reconstruction, an abstraction is requireéibse the random variable represents
a value that is not really random. Consider the drag factth@fehicle/road system during the
crash. That average drag factor has a unique value for thsl cin fact, every vehicle within a
crash has its own unique values, we just are never there tsureethem. So, in reality, the drag
factor is not a random variable. However, we can treat itdikandom variable because we lack
the ability to identify its actual value. To put it anotheryy#he real value of the drag factor is
unknown, but we have a good idea of what it could be.

2.2.1 Histograms to Estimated Probability Density Functio ns

The classic definition of probability says the likelihoodasf event happening is the ratio of the
event to the number of tries. This assumes the number ofgdes to infinity. Again, this is the

14



Figure 2.3 The relative frequency diagram from the histogram of figue 2
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concept of a population.
events
P(even) = N (2.23)

For a continuous random variable the total number of evéitspproaches infinity and events
are written as an inequalities. In other words, an eventdcbalpicking a value greater than or
less than some variable, eg(value< x) = limy_.(value< x)/N. Describing the event as a
random variable falling in a given range is even more usefy| < value< xz).

Considering the histogram in figure 2.2, we may convert @ etelative frequency diagram
by dividing the y-axis by the total number of samples. Theiltesf this operation is shown in
figure 2.3. Now look at the definition of probability from edieoa (2.23) and recognize that the
relative frequency diagram is now able to give us probaédiof the intervals.

The probability densityis given as the probability of some interval divided by thelthi of
the interval. The formula below gives the estimated prdiigliensity given a histogram of a

sample .
P(x < x <X +AXx)

fx(xi) = Ax (2.24)

where fx(xi) is the probability density of the variabie
Ax is the width of the bins of the histogram.
P(x < x < x + Ax) is the probability of finding a valuex] in the ith bin of the
histogram.

15



Figure 2.4 This figure shows the transition of an estimated probahiiysity graph to a contin-
uous probability density function (PDF).
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Equation (2.24) is a great definition but not very usable. rfEate an estimated probability den-
sity function, use the definition of probability density aihé procedure in creating a histogram
(section 2.1.5 on page 13). The probability of an item fgliim theith interval of a histogram is
the value of the histogrant;( divided by the total number. In light of equation (2.23), gwent
is x falling in theith interval that ifAx wide and has occurregi times. The value fofAx is simply
(Umax— Umin)/m. Now equation (2.24) can be written in a useful form to esteraprobability
density function (PDF).
ci/N
fx(xi) = (Umax— Umin) /M (2.25)

Now to make the last transition to a continuous probabilépsity function, pretend both the
number of bins and the number of values increases signifycdntthe limit, the bin width will
be come zero and the number of bins will be infinite. Also thedbert of the estimated PDF
will become a continuous smooth function. This conceptlissitated with figure 2.4. Now we
can write a functiorfx(X) to represent the probability density.

2.2.2 Obtaining Cumulative Density Functions.

The reason we want to obtain a cumulative density functiddK)Cis it enables us to get ac-
tual probability values from the function. This plays an onjant role in sampling the random
variables in the Monte Carlo simulation.

16



To understand what a cumulative density function is, st 8ome properties of a probability
density function (PDF):

1. The total area under the PDF curve is equal to 1. Using theeqi of integration yields

+o00
/ f(x) dx = 1 (2.26)

—00

2. The probability density can never be negative.

If we have a probability density functiorf(x)), then we can get the probability afbeing in
some interval by finding the area under the PDF curve and lestwee interval bounds. The
cumulative density function (CDF) is the area under the PDives starting at its lowest point.
Mathematically the expression uses an integral functiahisiexpressed with a capital letter:

Fe(X) = /_ Xm fo(X) dx (2.27)

This also implies that the PDF is the derivative of the CDF.

fx(x) = ngiX) (2.28)

The cumulative density function gives the actual probgbdf a value being less than
Fx(X) = P(value< x) (2.29)

Some properties of a CDF include:
1. The values of the CDF must begin at O on the left side and ehaa the right.

2. The CDF can never decrease in valug asreases.

2.2.3 Common Distributions
2.2.3.1 Uniform Distribution

The uniform distribution is the easiest distribution to @s® also is the most “conservative”
because it gives an equal probability to all numbers withandistribution range. The formula

2|t is common notation for the probability density functiankde represented with a lower calssubscripted with
the random variablg and the cumulative density function is denoted as a suliedrigppercasky
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Figure 2.5 An example of the uniform distribution representing a ranferag factors where
a=0.6 andb=0.8.

F(X) A

fx(X) 1
T area= P(value< x)

P(value< x)

Y
)

06 X 0.8 bal

(a) Probability Density Function (b) Cumulative Density Function

for the PDF of a uniform distribution frorato b.

0 Xx<a
fx(X)=q 2 a<x<b (2.30)
0 Xx>b

Since the uniform distribution is so common, it is often tenitin shorthand ad (a, b) as shown
in equation (2.30). The cumulative density function for timform distribution is

0 X<a
F(X) = { giz(x—a) a<x<b (2.31)
1 Xx>b

Both the PDF and the CDF are shown in figure 2.5. All of the prioge are satisfied. Further
analysis shows the derivative of the CDF is the same as the P@Rhe uniform case, the

derivative of a line is a constant.
di(x) 1

dx b-a

(2.32)

whenx is betweera andb.
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Figure 2.6 Standard normal probability density and cumulative dgrfaitctions. The CDF was
created using thBORMSI NV command in a spreadsheet.
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2.2.3.2 Normal Distribution

Figure 2.6 shows the common “bell” curve known as the norm&aussian distribution. The
function plotted in figure 2.6a is the probability densityrfaula shown below

1 1(x=\2
f(X) = e 2(5") 2.33
X( ) O'\/ET ( )
This is written shorthand as
N(u0) (2.34)

The normal distribution is symmetric and only needs the nmeaah the standard deviation to
define it. Since it is symmetric, the mean, median and modalbiiee same value.

The CDF of the normal distribution (figure 2.6b) is not knownai closed form so it has to
be solved using numerical methods. As a result, the valudseo€DF were solved once for a
standard normawhose mean was zero and standard deviation is 1. Since tigastBnormal is
known, it is useful to translate any normally distributediahle into the standard normal. To do
this, use the- score of a number as defined by

7= XM (2.35)

Once az-score is known, the value of the CDF can be looked up in a taukved using a
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computer, or taken off a graph. Also, there are many text booth ztables in the appendix [4].

2.2.3.3 Other Distributions

There are many more distributions, both analytical and exyntal that all satisfy the criteria
for a PDF or a CDF. They can be broken down into two broad caitegiwvith a few examples of
each.

1. Discrete: Uniform, Binomial, Poisson’s, and Multinomia

2. Continuous: Uniform, Triangular, Normal, Log-Normakg®nential, Rayleigh, and Weibull

Please see a basic text on probability for examples of thiss&dtions [3, 4].

2.2.4 Combining PDFs

Characterizing a single random variable is necessary,sobi useful for solving problems.
To make use of the random variables, the technique of analljticombining PDFs involves
convolution integrals and function inverses. The procedsivery long and complicated for any
real problem so instead, alternative methods, like MontéoCare used. This is why we’ll use
the Monte Carlo method to solve the momentum problems reddiar this reconstruction.

2.2.5 Central Limit Theorem

One of the reasons the normal distribution is so popularasptrenomenon called the central
limit theorem.

The Central Limit Theorem leads to the conclusion that large combinations of indepetighn-
dom variables lead to a normal distribution.

This fact is a very nice conclusion and allows us to treat nrangom variables as normal. This
is also why the normal distribution shows up in so many déferfields. There are, of course,
rigorous mathematical proofs of the central limit theorent,knowing the proofs exist is all that
is required to use it.

20



Figure 2.7 Common confidence intervals for a normal distribution. Tbefficients of theo
terms are the-score corresponding to the area under the curve.
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2.3 Relating Error Estimates to Probability

2.3.1 Confidence Analysis

A confidence interval is defined by the interval that contairgrtain probability of occurrence.
The best way to show this is through an example. If a 95% caoméelénterval is desired, then
95% of the area under the PDF curve is contained in an intéxyal x < x2). The unknowns are
x1 (the lower limit) andx (the upper limit). Figure 2.7a shows how the 95% confidentarval
is made from the boundg = p— 1.960 andx; = p+ 1.960 wherep is the mean and is the
standard deviation.

A confidence interval can be one sided or two sided. For thairgter of this paper, only the
two sided confidence interval is considered because thevaln go either way. This means the
amount of area not in the confidence interval is divided dgaahong the tails. The tails are the
unshaded regions under the curves in figure 2.7. We use cooéidetervals to both set up the
random variables as input to a simulation as well as to inéethe output of the simulation.
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2.3.2 Picking a Distribution

The evidence from a traffic crash does not usually give anicatidn which distribution to use
for a particular variable. There are instances, such agpton reaction times, where a special
distribution is appropriate, but it must be justifiable mhe®m experimental data and previous
research. Hopefully, the researchers in the human perfaenfield will be able to define an
appropriate probability function to use in a Monte Carlo @iation.

As a rule of thumb, use a uniform distribution for drag andedexation factors and normal
distribution for everything else. When using a normal disttion, the 99.74% confidence inter-
val (+30) is sufficient for a definite range. If there is desire for sdeevay on the input ranges
then a lower confidence interval is acceptable. The dethitseating a random sample from a
range is in section 2.4.

2.4 Simulation Techniques

2.4.1 Random Number Generators

The simplest random number generators are dice or coinse Ywk head into a casino and
random number and event generators abound. These methgeiseshting random numbers are
valid, but limited by feasibility issues.

Computer generated random numbers require a seed numben ahgbrithm to generate the
numbers. Since the list will be the same if the seed is the sHaeumbers are really not truly
random. Instead, they are called pseudo-random numbesgidat seed value is the time/date
stored on the computer and a basic algorithm will multiplp 8vbit numbers together to get a
16 bit number. The 8 most significant bits are the answer torthiiplication problem and the
8 least significant bits are “random”. See reference [5] &ads on random number generation
in a spreadsheet.

Pseudo random numbers are just fine for Monte Carlo simulsaod nearly every computer
(and some calculators) is capable of generating a unifostrillution from 0 to 1 (0, 1). Many
are also capable of generating random numbers from a sthndamal distributiorN(0,1) as
well.
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2.4.2 Random Distribution Sampling

To convert from a unit uniform distribution on the computerany arbitrary distribution of a
random variable, we must make use of the fact that a cumald@nsity function (CDF) will
never decrease. This means there is a unique mapping frograkis to the x-axis. In other
words, if a random number is generated, say 0.57, then west#malt number be the probability
of some value less than

U(0,1) — 0.57= P(value< x) = F(x) (2.36)

Now just solve forx in equation (2.31).

Here is an example using the uniform distribution in figue @ page 18. Again, assume our
random number generator spits out a value of 0.57. Use thatiequor the CDF of a uniformly
distributed variable.

1

R0 =057 = Fa=5=(x—06)
057(0.2) = x—06
x = 0714

Performing the above calculation over and over with a rarigganerated~(x) will transform
a uniform distribution from 0 to 1 to a uniform distributiorofn 0.6 to 0.8. This procedure can
be used for any distribution, but solving the CDF fanay require a numerical method.
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3 The Monte Carlo Solution Procedure

3.1 Construct the Governing Equations

This multiple vehicle collision is solved using the pringipf Conservation of Linear Momentum
(COLM). The derivation of the COLM equations can be foundan{] and are presented below:
W1V3Sin®  v4sing

V2 = W, siny + siny (3.1)

W W
Vi = V3C0S0+ —2v4 cosp— _2V2 cosy (3.2)
W1 W1

The inputs into equations (3.1) and (3.2) are the magnitafi¢be post-impact velocities
(v3, v4), the weights of the vehiclesvf, wo) and the approach and departure angesp(y).
The best solution is to weigh the actual vehicles if they alable. If the vehicles are not
available, the weights can be looked up but are still asswm&down where the lower limit is
the curb weight and the upper limit is an additional 400 lbyofte passenger and 600 Ibs for two
passengers. This includes additional baggage and fuel @lgonsider all extra weight such as
a truck camper shell or a heavy tool box when determining @inge of probable weights. The
angles are determined from the scale diagram and assigngesraccordingly. In some cases,
the evidence may be very clear for the angles, other times th@ wide possible range.

The exit velocities are obtained using the Work-Energy teeowhich reduces to

S=,/30df+ < (3.3)

whered is the distance traveled,is the average drag factor over the distance,&nsd the speed
at the end of the skid. The speed at the end of the skid will veddoy the momentum equations
for all but the last collision where the vehicles come to.ré&slis equation will have to be solved
6 times.

The drag factorf is estimated by experience or determined from a spin arsalylne spin
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analysis considers the amount of rotation, the distangelzd and the number of wheels locked.
The objective of the spin analysis is to find a reduction fattoapply to the coefficient of
friction. The reduction factor is presented as a distrinutivhich makes it conducive to Monte
Carlo techniques. For more information on the spin analysesthe work presented at Special
Problems 2003 by Dr. Gordon Bigg and John Daily [8]. In summar

f=nutm (3.4)

wheren is the reduction factor from the spin analygisis the coefficient of friction anan is
the slope. This was used when measurable vehicle spin wasnird he spin factor is simply 1
when there is no spin.

3.2 Generate the Random Variables

Generating random variable requires an art as well as acgifine random variable is usually
articulated in English first and may go something like this:

“The distanced is most likely 90 feet but may be anywhere from as low as 81 as
high as 99.”

This kind of understanding of the random variatllevould lead to a normal distribution with a
mean of 90 and® = range= 18 or the standard deviation would be 3. The random variabie c
be written in shorthand as

d ~ N(90,3)

If a variable is articulated with the phrase “The drag fadtaran be anywhere between 0.6
and 0.8” then the best distribution to use is a uniform distion because it makes each value in
the range equally likely. Written in shorthand as

f ~U(0.6,0.8)
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One important concept is that of rejecting non-physicalgal The normal distribution ha|
the ability to give a number below some threshold which isasgible for weights, dra
factors, and reaction time. As such, it may be necessaryligata the random number an
the result before using it. See references [9, 10] for motaildeon rejecting runs. Carefu|
selection of the random variable distributions shouldguaite the validation. An example for
this case is the exit angle of the Pontiac on the first collis@annot be less than the exit angle
of the Dodge. Some unscrupulous people may try to use theeMatio method in ways t
better their views by ignoring this concept of rejecting faitysical values.

3.2.1 Third Collision

The third collision occurred when the the 4x4 pickup hit tlefac. The post impact trajectories
occurred off road with no braking. Neither vehicle spun gigantly, as such the coefficient of
friction was assigned a uniform distribution from 0.2 t0.0.3

The following table gives the random variables and theitridistions for use in analyzing
the third collision. The low and high values were computeidgishe 99.74% (8) confidence
interval. All distances are in feet, weights are in poundd angles are in degrees. The first
number in the parentheses after Normal is the mean valudarsgtond is the standard deviation
according to the shorthand notation for a normal distrdouti

Quantity Variable Distribution Low Value | High Value
Weight of 4x4 GMC Truck W1 Normal(4100,10 4070 4130
Weight of Pontiac Wo Normal(3024,10 3084 2994
Coefficient of Friction V1 Uniform(0.2,0.3) 0.2 0.3
Spin Factor for the 4x4 GMC N1 N/A 1
Spin Factor for the Pontiac N2 N/A

Distance of the 4x4 GMC d1 Normal(90,3) 99 91
Distance of the Pontiac d> Normal(60,2) 54 66
Exit Angle of the 4x4 GMC 0 Normal(15,5) 0 30
Exit Angle of the Pontiac ® Normal(10,1.5) 13 7
Entrance angle of the Pontiac U] Normal(80,5) 95 65
Entrance angle of the 4x4 GMC 0 N/A 0 0
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3.2.2 Second Collision

The second collision between the lowered Chevy and the &oaolianged the skid direction of
the Chevy until it came to a stop off the road. Because thesdkahsitioned from the pavement
to the shoulder, a combined speed formula is required withdistances and two drag factors.
Again, little spin was involved in this crash go= 1.

The following table gives the random variables and theitridistions for use in analyzing
the second collision when the lowered Chevy hit the PontiBlee low and high values were
computed using the 99.74%dBconfidence interval. All distances are in feet, weightsiare
pounds and angles are in degrees. The first number in thetpasers after Normal is the mean
value and the second is the standard deviation accordirtgetsitorthand notation for a normal
distribution.

Quantity Variable Distribution Low Value | High Value
Weight of the lowered Chevy W1 Normal(3680,10 3710 3650
Weight of Pontiac W Normal(3024,10 3084 2994
Coefficient of Friction (Off Road M1 Uniform(0.2,0.3) 0.2 0.3
Coefficient of Friction (On Road 15 Uniform(0.7,0.8) 0.7 0.8
Spin Factor for the Chevy N1 N/A 1
Spin Factor for the Pontiac N2 N/A 1
Dist. of the Chevy (Off Road) d1 Normal(60,1) 57 63
Dist. of the Chevy (On Road) do Normal(30,2) 24 36
Distance of the Pontiac ds Normal(5,1) 2 8
Exit Angle of the lowered Chevy 0 Normal(25,0.5) 23.5 26.5
Exit Angle of the Pontiac (0} Normal(80,5) 65 95
Entrance angle of the Pontiac ) Normal(100,5) 85 115
Entrance angle of the Chevy 0 N/A 0 0

3.2.3 First Collision

The following table gives the random variables and theitrihigtions for use in analyzing the
first collision where the Dodge hit the Pontiac. The low anghhvalues were computed using
the 99.74% (8) confidence interval.All distances are in feet, weights are in pounds and angles
are in degrees. The first number in the parentheses afterdl@the mean value and the second

1The results for the spin factor were presented with a 95% denéie interval, not a 99.74%.
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is the standard deviation according to the shorthand motédir a normal distribution.

Quantity Variable Distribution Low Value | High Value
Weight of the Dodge Dakota W1 Normal(3910,10 3880 3940
Weight of Pontiac Wo Normal(3024,10 3084 2994
Coefficient of Friction I Uniform(0.7,0.8) 0.7 0.8
Spin Factor for the Dodge N1 Normal(0.5,0.05 0.402 0.598
Spin Factor for the Pontiac N2 Normal(0.4,0.05 0.302 0.498
Distance of the Dodge Dakota d1 Normal(65,2) 59 71
Distance of the Pontiac do Normal(25,1) 22 28
Exit Angle of the Dodge Dakota 0 Normal(10,3) 1 19
Exit Angle of the Pontiac (0} Normal(80,5) 65 95
Entrance angle of the Pontiac ] Normal(97,6) 79 115
Entrance angle of the Dodge 0 N/A 0 0

3.3 lterate the Governing Equations

Begin with the concept of a sampling the random variable.t fiieans to pick a single value at
random from the distributions. The chances are higher timanaber near the mean will result
from a normal distribution and any number within the rangeldoesult from the uniform distri-
bution. Then solve the three momentum equations (3.1-82jtee initial speed equations (3.3).
These results should be gathered as a list and stored forsaahd plotting. The procedure is
outlined below:

1. Generate a random instance of each variable.

2. Solve the third collision.

a) Compute the exit speeds, equation (3.3).
b) Compute the impact speeds, equations (3.1-3.2).

c) Store the impact speed of the 4x4 truck in a list so we canhtpk histogram and
reduce the data later.

3. Solve the second collision.

a) Compute the exit speeds using the impact speeds fromcjtapdve.
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b) Compute the impact speeds, equations (3.1-3.2).
c) Store the impact speed of the lowered truck in a list.

d) Compute the initial speed of the lowered Chevy becauséefpte-impact skids.
Store this value in a list.

4. Solve the first collision.

a) Compute the exit speeds using the results from step (deabo
b) Compute the impact speeds, equations (3.1-3.2).
c) Store the pre-skid speed of the Dodge in a list.

d) Store the impact speed of the Pontiac in a list.

5. Repeat steps 1-4 until the desired accuracy is obtained.

6. Use descriptive statistics and confidence intervalsterpnet the results of the list stored
in the above steps.

A general rule of thumb is the number of iterations requiseeiipressed as

10
N:
1-Cl.

whereC.l. is the greatest desired confidence interval. So if 99.99%dgteatest confidence
interval then the Monte Carlo must have at least(10- 0.9999 = 100,000 iterations. There
are more rigorous methods for guaranteeing convergent#ibworks quite well.
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4 Results and Discussion

The final results are presented as an estimated PDF with a@Bfldence interval in this section.
They were generated using equation (2.25). These graphsipran excellent way to present the
results. Vector diagrams of the linear momentum soluti@wvary useful to ensure the impulse
vectors are equal and opposite while giving a good reprasentof the physics involved.

4.1 First Collision
The Dodge and the Pontiac collided first.

1. The impact speed of the Dodge was a hominal 38 mph.
2. The impact speed of the Pontiac was a nominal 36 mph.

3. The speed of the Dodge at the start of skid was 54 to 63 mph.
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Figure 4.1 The results of the linear momentum vector diagram basedemt#ans givév; =
13.22 mph and\v, = 17.10 mph. Vehicle #1 is the Dodge Dakota and vehicle #2 is théi&an
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Figure 4.3 95% confidence interval

: 31-45 mph.
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4.2 Second Collision
The lowered Chevy pickup and the Pontiac collided second.

1. The impact speed of the Chevy was a nominal 29 mph.
2. The impact speed of the Pontiac was a nominal 28 mph.

3. The speed of the Chevy at the start of the skid was 52 to 54 mph

Figure 4.5 The results of the linear momentum vector diagram basedem#ans givév, =
12.69 mph andAv, = 15.45 mph. Vehicle #1 is the lowered Chevy truck and vehicle #bhés
Pontiac.
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Figure 4.6 95% confidence interval: 22-34 mph.
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4.3 Third Collision
The GMC pickup and the Pontiac collided third.
1. The front of the GMC hit driver A while he was on the road.
2. The impact speed of the GMC with the Pontiac was a nominah338.

3. The impact speed of the Pontiac was a nominal 12 mph.

4. There were no pre-impact skids from the GMC pickup.

Figure 4.8 The results of the linear momentum vector diagram based@mgans givév; =
15.41 mph andv, = 20.90 mph. Vehicle #1 is the 4x4 truck and vehicle #2 is the Pontia
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Figure 4.9 95% confidence interval

: 6-19 mph.
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4.4 Avoidance Analysis

The analysis of the impact speeds of the Dodge Dakota andah#alf Grand Am raise two
guestions:

1. If the Dodge was going 50 mph at the beginning of the dréve€rception-response time,
would the collision have still occurred?

2. Did the Pontiac stop for its stop sign?

We will address the second question first. The Pontiac hadterabout 50 feet from the stop
sign and attain a speed of 35 mph in that distance if it hadpstp This would require an
acceleration factor of 0.81g. The published value for theelration capability of the Pontiac
is 0.52g from 0-30 mph at sea level. Since this collision o@miat 7000 ft, the acceleration
performance would be reduced. Thus, it was not possiblénoPbntiac to have stopped for its
stop sign.

Using the Monte Carlo method, a “stopping” criteria can aupevhere whenever an instance
of the calculated acceleration value is greater than tiwgvalble acceleration then a flag is raised.
If the computer keeps track of all the raised flags and dividissnumber by the total number of
runs, then the probability of failure to stop is determinbdthis case, every iteration produced
a flag so the probability was 100% that the Pontiac did not.sTdps technique can be useful
in civil trials when a percentage of blame is to be determinkus concept is very similar to a
probability of failure in a reliability problem.

The first question may be answered by looking at the time ik the Dodge to skid to its
impact with the Pontiac in the actual crash situation and #uling to this time the perception-
reaction time of 1.6 seconds. We may also use the skid inftomfxom the Dodge along with its
beginning speed to compute its distance from impact whedtikier’s perception-reaction time
started. We will use a perception-reaction time of 1.6 sdsdar this time at constant velocity.
We will then place the Dodge at the beginning of its perceptiEsponse distance from impact
at a speed of 50 mph, and see if it will reach the impact araadtfes, then we will look at how
much time this will take overall, and look at the time diffece to see if the Pontiac would have
moved out of the way.

¢ Distance the Dodge will move in 1.6 seconds at 58.65 mph:5B3éet

e Distance the Dodge will move in 1.6 seconds at 61.08 mph:2t4fget
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Add to these distances the 97 foot skid:
e Total distance of the Dodge: 234.56 feet to 240.26 feet
The total stopping distance (including P/R time) for the Deat 50 mph:

e 236.32feet ifu=0.70

o 221.44 feet ifu=0.80

Thus, even without doing a time analysis, it is clear a colfisvould have been avoided had the
Dodge been going the speed limit. Just as clearly, had thg®bden going straight down the
road at even its actual speed, it would have skidded straigtiter than across the lanes at an
angle, and there would have been no collision. It was alsdityeof driver A (Pontiac) to obey
the stop sign and to yield the right of way to any oncominditaHad he done this, there would
have been no collision.

Clearly, this wreck has several contributing factors. Hadedl A obeyed the stop sign and
waited for oncoming traffic, there would have been no inttiaffic crash. Had driver B (Dodge)
been driving the speed limit and if he had not turned to theblefore braking, there would have
been no traffic crash. The subsequent crashes would not hapehed if the first crash had not
occurred.
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5 Conclusion

The Monte Carlo method is the de facto standard for dealirly @@mplex problems containing
uncertainty. We have taken a complex problem in the form ofuétiple vehicle collision and
addressed the issues of uncertainty using stochastic dethamely the Monte Carlo method.
The basic premise of Monte Carlo is to solve the governingagguas (conservation of linear
momentum for this case) many times using random inputs. Titieat link in performing the
analysis is making sure the random variables going into tbet®Carlo simulation are justifiable
with physical evidence or previous experience. The resdilégch run within a simulation must
be physically able to happen or else that run must be disdarfieis paper also presents some
basic concepts of descriptive statistics and probabitig are necessary to use and understand
the Monte Carlo method.
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